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HYPERSPACES OF INFINITE COMPACTA WITH FINITELY
MANY ACCUMULATION POINTS
PAWE L KRUPSKI AND KRZYSZTOF OMILJANOWSKI
Abstract. Vietoris hyperspaces An(X) (Aω(X)) of infinite compact subsets
of a metric space X which have at most n (finitely many, resp.) accumulation
points are studied. If X is a dense-in-itself, 0-dimensional Polish space, then
An(X) is homeomorphic to the product QN. The hyperspaces A1(Q, {q}) and
A1(R \ Q, {p}) of all A ∈ A1(Q) (resp. A ∈ A1(R \ Q)) which accumulate at
q ∈ Q (resp. p ∈ R \ Q) are also homeomorphic to QN. If X is a nondegener-
ate locally connected metric continuum then hyperspaces An(X) are absolute
retracts for all n ∈ N ∪ {ω}. If X = J = [−1, 1] or X = S1, the hyperspaces
An(X) are characterized as Fσδ-absorbers in hyperspaces K(J) and K(S
1) of
all compacta in J and S1, respectively. Consequently, they are homeomorphic
to the linear space {(xk) ∈ RN : limxk = 0} with the product topology. The
hyperspaces Aω(X) for X being a Euclidean cube, the Hilbert cube, the m-
dimensional unit sphere Sm, m ≥ 1, or a compact m-manifold with boundary
in Sm, m ≥ 3, are true Fσδσ-sets which are strongly Fσδ-universal in the
respective hyperspaces of all compacta.
Let X be a metric space and K(X) be the hyperspace of all nonempty compact
subsets of X with the Vietoris topology. Denote by A′ the derived set of all ac-
cumulation points of A ∈ K(X). For n ∈ N, we will consider the closed subspace
Fn(X) ⊂ K(X) of all A ∈ K(X) such that |A| ≤ n and An(X) ⊂ K(X) of all
A ∈ K(X) such that 1 ≤ |A′| ≤ n. Let also F(X) = Fω(X) =
⋃∞
n=1 Fn(X) be the
set of all finite subsets of X and Aω(X) =
⋃∞
n=1An(X) the family of all infinite
compacta in X with finitely many accumulation points.
The set A1(X) has been recently studied in a wider context of topological spaces
X (not necessarily metric) (e.g., [4, 18, 19]) and called “the hyperspace of non-
trivial convergent sequences”, denoted by Sc(X). Intuitively, this hyperspace for
X = R has a natural association with the linear space of sequences converging to
0, taken with the coordinate-wise convergence topology. We establish topological
characterizations of A1(X) for various X that confirm such intuitions and also
answer a couple of questions from [4, 18]. Our approach often allows us to include
hyperspaces An(X) for n > 1.
Under a mild condition on X that it contain a copy of cl({ 12j + 12j+k : j, k ∈ N}),
we show that An(X) is true Fσδ and Aω(X) is true Fσδσ in K(X).
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Next, we focus on 0-dimensional spaces X . Applying a characterization of the
productQN of the rationals due to van Engelen [15], we identifyAn(X) topologically
as QN for 0-dimensional Polish spaces X with no isolated points.
The same characterization is obtained also for hyperspaces
(1) A1(X, {q}) of all A ∈ A1(X) with A′ = {q}, where X is a 0-dimensional
Polish or σ-compact space without isolated points,
(2) An(Q, F ) of all A ∈ An(Q) with A′ ⊂ F , where F ∈ F(Q) and |F | ≥ n.
These results are related to an open question posed in [18] if Sc(Q) ≈ Sc(R \Q)
(symbol ≈ means the homeomorphism relation). The question can be reduced to
the problem whether or not A1(Q) is absolute Fσδ. We obtain a complete solution
only for a “pointed” version: A1(Q, {q}) ≈ A1(R \Q, {p}) ≈ QN.
If X is a locally connected metric continuum then An(X), n ∈ N ∪ {ω}, is
an absolute retract. In particular, the hyperspace is contractible which answers a
question in [4] of whether Sc(S1) is contractible.
Using standard, yet powerful, infinite-dimensional topology techniques, we prove
that, for X = J = [−1, 1] or X = (−1, 1), or X = S1 the unit circle, and each n,
An(X) is an Fσδ-absorber in the Hilbert cube K(X). Since all Fσδ-absorbers in
Hilbert cubes are homeomorphic (via ambient homeomorphisms of the respective
Hilbert cubes, An(X) is homeomorphic to the space
c0 = {(xk) ∈ (− 1, 1)N : limxk = 0}
(with the coordinate-wise convergence topology) which is an Fσδ-absorber in J
N.
Incidentally, this provides a positive answer to [18, Question 2.17] if Sc([0, 1]) ≈
Sc((0, 1)).
We do not know whether Aω(J) is an Fσδσ-absorber but we are able to show
that Aω(X) is strongly Fσδ-universal in K(X) if X = Jn, n ∈ N∪{N}, or X = Sm
the m-dimensional unit sphere, m ≥ 1, or X a compact m-manifold with boundary
in Sm, m ≥ 3. It follows that pairs (K(X),Aω(X)) are AR-pairs for such X .
We also study hyperspacesAn(X)F andAn(X)F , n ∈ N∪{ω}, of those compacta
from An(X) that contain or intersect, respectively, a given F ∈ K(X). We prove,
among other things, that if X is a nondegenerate locally connected continuum and
F is finite and contains a point of order at least two then An(X)F is an Fσδ-absorber
for n ∈ N and Aω(X)F is strongly Fσδ-universal in K(X)F .
1. Borel complexity of An(X) and Aω(X)
A subspace Y ⊂ Z is said to be nowhere of Borel class M in Z if no nonempty,
relatively open subset of Y is in M in Z. Recall that An(X,F ) = {A ∈ An(X) :
A′ ⊂ F}.
The set Aω(X) is contained in the Hurewicz set H(X) of all countable compact
subsets of X . It is well known that H(X) is coanalytic complete if X is an un-
countable Polish space [22, Theorem (27.5)]. The Borel complexity of An(X) and
Aω(X) is determined in the following theorem.
Theorem 1.1. An(X) is an Fσδ-set in K(X) for each n ∈ N, and Aω(X) is Fσδσ.
If X contains a compactum of the Cantor-Bendixson rank 3, then An(X) is not
Gδσ and Aω(X) is not Gδσδ . If X has no isolated points then
(1) An(X) and Aω(X) are nowhere Gδσ and nowhere Gδσδ , respectively,
HYPERSPACES OF INFINITE COMPACTA 3
(2) A1(X, {q}) is nowhere Gδσ for any point q ∈ X.
If F ∈ F(Q) and |F | ≥ n then An(Q, F ) is nowhere Gδσ.
Proof. K. Kuratowski proved in [24] that the derived set map
D : K(X) \ F(X)→ K(X), D(A) = A′
is Borel of the second class. Actually, it is convenient to consider D as a map from
the whole K(X) to the space K(X) ∪ {∅} with the isolated point {∅} and then a
direct proof in [8] of Kuratowski’s theorem shows that the preimage under D of
each closed set in K(X) is Fσδ in K(X).
Observe that An(X) = D−1(Fn(X)) which establishes the first part of Theo-
rem 1.1.
Now let the Cantor-Bendixson rank of some A ∈ K(X) equals 3. Without loss
of generality we can assume that
A = cl
({ 1
2j
+
1
2j+k
: j, k ∈ N}) ⊂ [0, 1].
The set
P3 = {x ∈ {0, 1}N×N : ∀j∀∞k (x(j, k) = 0)}
belongs to the Borel class Fσδ \Gδσ [22, Exercise (23.1)].
Define a continuous map f : {0, 1}N×N → K(X) by
f(x) = cl
({ 1
2j
+
x(j, k)
2j+k
: j, k ∈ N}) for n = 1
and, for n ≥ 2,
f(x) =
cl
(
{ 1
2j
+
1
2j+k
: 1 ≤ j ≤ n− 1, k ∈ N} ∪ { 1
2j
+
x(j − n+ 1, k)
2j+k
: j ≥ n, k ∈ N}
)
.
One easily checks that f−1(An(X)) = P3. This guarantees that An(X) is not
Gδσ.
For Aω(X) one can replace P3 with the (Fσδσ \Gδσδ)-set
S4 = {x ∈ {0, 1}N×N : ∀∞j∀∞k (x(j, k) = 0)}
[22, Exercise (23.6)] and the same map f satisfies f−1(Aω(X)) = S4. This shows
that Aω(X) is not Gδσδ .
Now, assume that X has no isolated points. Then every nonempty open subset
of X contains a copy of A. Consider a basic open set U in the Vietoris topology in
K(X):
U = 〈U1, . . . , Uk〉 = {K ∈ K(X) : K ⊂
k⋃
i=1
Ui, (∀i)Ui ∩K 6= ∅},
k ≥ 1, where Ui’s are open subsets of X . Assume, without loss of generality, that
A ⊂ U1 and pick points ui ∈ Ui for i = 2, . . . , k. Then A ∪ {u2, . . . , uk} ∈ U and
the map f˜ : {0, 1}N×N → U defined as f˜(x) = f(x) ∪ {u2, . . . , uk} satisfies
f˜−1(An(X) ∩ U) = P3 and f˜−1(Aω(X) ∩ U) = S4
which completes the proof of (1).
Given q ∈ X , we can assume that q = 0 ∈ A ⊂ U1. Then f˜−1(A1(X, {q})∩U) =
P3 which gives (2).
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In order to show the last part, in view of (2), consider n > 1. Recall that Q is
n-homogeneous for each n ∈ N, which means that for any two n-point subsets of
Q there is an autohomeomorphism of Q that maps one of the sets onto the other.
So, since U1 ≈ Q, we can assume that F is located in U1 so that {0} ∪ { 12j : j =
1, . . . , n− 1} ⊂ F . Now, f˜−1(An(Q, F ) ∩ U) = P3.

Determining the absolute descriptive class of a space is of special importance.
Recall that a metric separable space M is of absolute Borel class M (absolute M,
briefly) if, for each metric separable space S, each topological copy of M in S is a
Borel subset of S in class M. It is known that M is absolute M if and only if M
embeds in a compact metric space as a subset of class M. If in Theorem 1.1 X is
compact then An(X) is absolute Fσδ and Aω(X) is absolute Fσδσ . This fact is also
true for Polish spaces X .
Proposition 1.2. If X is a Polish space then An(X) and An(X,K) for K ∈ K(X),
are absolute Fσδ and Aω(X) is absolute Fσδσ.
Proof. Assume, without loss of generality, that X is a Gδ-subset of the Hilbert cube
Q = JN. Clearly, K(X) is Gδ in K(Q). Hence, An(X) = An(Q) ∩ K(X) is Fσδ in
K(Q) and Aω(X) = Aω(Q) ∩ K(X) is Fσδσ in K(Q).
If D : K(Q) → K(Q) ∪ {∅} is the derived set operator, then D−1(K) is Fσδ in
K(Q). Thus, An(X,K) = D−1(K) ∩ An(X) is absolute Fσδ . 
The above argument cannot be applied to (Fσ \ Gδ)-subsets X of a compact
space S, since K(X) is coanalytic-complete in K(S) [22, 33.B].
The following fact can also be observed.
Proposition 1.3. If a subset X of [0, 1] does not contain its supremum, has no
isolated points and is not analytic in [0, 1], then An(X) is not analytic in K([0, 1])
for each n ∈ N ∪ {ω}.
Proof. Continuous maps between Polish spaces transform analytic sets onto ana-
lytic ones. So, it suffices to note that the map
m : K([0, 1])→ [0, 1], m(A) = minA
is continuous and m (An(X)) = X . 
2. Hyperspaces An(X) for 0-dimensional X
It was shown in [18] that A1(X) is first category for any second countable topo-
logical space X . We provide a quick argument for this fact valid for any An(X) in
the case of a metric, separable, 0-dimensional space X without isolated points.
Lemma 2.1. Let X be a metric, separable, 0-dimensional space without isolated
points, n ∈ N ∪ {ω} and F ∈ K(X) be a set of cardinality ≥ n. Then An(X) and
An(X,F ) are first category spaces.
Proof. Let {B1, B2, . . .} be a clopen base in X which is closed under finite unions
and Bi,k be the family of all A in An(X) (resp. An(X,F )) such that 1 ≤ |A\Bi| ≤
k}. Since X has no isolated points, the sets Bi,k are nowhere dense in An(X) (resp.
An(X,F )). Clearly, An(X) (resp. An(X,F )) is the union
⋃
i,k Bi,k. 
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The infinite product QN of rational numbers was topologically characterized by
van Engelen in [15] as a metric separable 0-dimensional space which is absolute Fσδ,
first category and nowhere absolute Gδσ. Hence, the following theorem follows from
Proposition 1.2, Theorem 1.1 and Lemma 2.1.
Theorem 2.2. If X is a 0-dimensional Polish space without isolated points then
(∀n ∈ N)(∀q ∈ X)An(X) ≈ A1(X, {q}) ≈ QN.
In view of the van Engelen’s characterization of QN and by Theorem 2.2, Theo-
rem 1.1 and Lemma 2.1, the question asked in [18] if A1(R \ Q) is homeomorphic
to A1(Q) reduces to the problem of the Fσδ-absolutness of A1(Q); equivalently,
whether or not A1(Q) is Fσδ in K(C), where C is a Cantor set. Aiming at this
direction, we can merely prove the following facts.
Proposition 2.3. If X is a 0-dimensional σ-compact metric space then An(X) is
absolute Fσδσ for each n ∈ N ∪ {ω}.
Proof. Represent X as a union X =
⋃∞
i=1Ki of compacta K1 ⊂ K2 ⊂ · · · ⊂ C.
Consider the derived set operatorD on K(C). If A ∈ An(X) thenD(A) is contained
in some Ki. The preimage D
−1 (Fn(Ki)) is Fσδ in K(C) for each n ∈ N and Fσδσ
for n = ω. Let C = U1 % U2 % . . . be clopen subsets of C whose intersection is Ki.
The sets Xj = X ∩ (Uj \ Uj+1) are σ-compact. It follows that sets F(Xj) are also
σ-compact. Hence, each F(Xj)∪ {∅} as a subset of a compact space K(C) ∪ {∅} is
σ-compact.
Let
Bj = {A ∈ K(C) : A ∩ (Uj \ Uj+1) ∈ F(Xj) ∪ {∅}}.
The intersection map
Φ : K(C)→ K(C) ∪ {∅}, Φ(A) = A ∩ (Uj \ Uj+1)
is continuous [25, Theorems 2 and 3, p.180], consequently, Bj = Φ−1 (F(Xj) ∪ {∅}})
is Fσ in K(C).
Observe that
An(X,Ki) = D−1 (Fn(Ki)) ∩ An(X) = D−1 (Fn(Ki)) ∩
∞⋂
j=1
Bj
which shows that
(2.1) An(X,Ki) is absolute Fσδ for n ∈ N, and is absolute Fσδσ for n = ω.
Since An(X) =
⋃∞
i=1An(X,Ki), we are done. 
Theorem 2.4. If X is a 0-dimensional σ-compact metric space without isolated
points and q ∈ X then A1(X, {q}) ≈ QN. If F ∈ F(Q) and |F | ≥ n then
An(Q, F ) ≈ QN for each n ∈ N.
Proof. An(X,F ) is absolute Fσδ by (2.1). Theorem 1.1 and Lemma 2.1 guarantee
that all the hyperspaces are nowhere Gδσ and first category. 
Corollary 2.5. (∀q ∈ Q)(∀p ∈ R \Q)A1(Q, {q}) ≈ A1(R \Q, {p}) ≈ QN.
Lemma 2.6. Every nonempty clopen subset of An(Q) contains a closed copy of
An(Q) for n ∈ N ∪ {ω}.
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Proof. We can assume that a clopen subset U of An(Q) is of the form U =
〈U1, . . . Um〉 for nonempty disjoint clopen subsets Ui of Q. The set An|U1 = {A ∈
An(Q) : A ⊂ U1} is a closed copy of An(Q).
Fix points ui ∈ Ui, i = 2, . . . ,m. Then
(2.2) {A ∪ {u2, . . . , um} : A ∈ An|U1} is a closed copy of An(Q) in U .

By [16, Theorem 4.1] and Lemmas 2.1, 2.6 we get
Proposition 2.7. An(Q) is strongly homogeneous (i.e., every nonempty clopen
subset of An(Q) is homeomorphic to An(Q)) and An(Q) ≈ An(Q) × Q for n ∈
N ∪ {ω}.
One can easily see
Lemma 2.8. cl (A1(Q, {q}) = A1(Q){q}.
Another result by van Engelen we finally wish to use appears (misprinted) in [16,
Lemma 3.1]. Its correct formulation looks as follows:
Lemma 2.9. Let X and Y be weight-homogeneous 0-dimensional metric spaces of
the same weight, X =
⋃∞
i=1Xi, Y =
⋃∞
i=1 Yi with Xi (resp. Yi) closed and nowhere
dense in X (resp. Y ) and let every nonempty clopen subset of X (resp. Y ) contain
a closed nowhere dense copy of each Yi (resp Xi). Then X ≈ Y .
We are going to apply the lemma to metric separable spaces without isolated
points, in which case the assumptions on their weights are irrelevant.
Proposition 2.10. A1(Q){q} ≈ A1(Q) ≈ A1(Q){q} \ A1(Q, {q}) for every q ∈ Q.
Proof. We have:
A1(Q){q} =
⋃
p∈Q\{q}
A1(Q){p,q} and A1(Q) =
⋃
p∈Q
A1(Q){p}.
EachA1(Q){p,q} is closed and nowhere dense in A1(Q){q}. Similarly, each A1(Q){p}
is closed and nowhere dense in A1(Q). If U = 〈U1, . . . Um〉 ∩A1(Q){q} is nonempty
for nonempty disjoint clopen subsets Ui of Q and q ∈ U1, then, as in (2.2),
{A ∪ {u2, . . . , um} : A ∈ (A1|U1) ∩ A1(Q){q}}
is a closed and nowhere dense copy of A1(Q){p} in U . Analogously, each nonempty
clopen set 〈U1, . . . Um〉 ∩ A1(Q) in A1(Q) contains a closed nowhere dense copy of
A1(Q){p,q}. Now apply Lemma 2.9.
To prove the second equivalence, represent A1(Q){q} \ A1(Q, {q}) as a union⋃
k∈N Bk, where
Bk =
{
A ∈ A1(Q){q} : A ⊂ {q} ∪
(
Q \ (q −
√
2
k
, q +
√
2
k
))}
.
One can easily check that each Bk is closed, nowhere dense in A1(Q){q}\A1(Q, {q})
as well as it can be embedded as a closed nowhere dense subset in each nonempty
clopen subset of A1(Q). Conversely, each nonempty clopen subset of A1(Q){q} \
A1(Q, {q}) contains a closed nowhere dense copy of A1(Q){p}.

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A map A1(Q, {0}) × Q → A1(Q) given by the translation (A, q) 7→ A + q is a
continuous bijection (it is not a homeomorphism, though). Hence, by Corollary 2.5,
Lemma 2.8 and Proposition 2.10, we get
Corollary 2.11. A1(Q) is a one-to-one continuous image of QN. Equivalently,
cl (A1(Q, {q}) is a one-to-one continuous image of A1(Q, {q}).
3. Preliminaries on absorbers in ANR’s
We first recall a basic terminology and facts related to absorbers. The reader is
referred to book [27] and [1, 2, 3] for more advanced details of the theory.
The standard Hilbert cube JN is considered with the metric
d(x, y) =
∞∑
k=1
|xk − yk|
2k+1
.
A map f : X → Y is said to approximate map g : X → Y arbitrarily closely if, for
any open cover U of Y , f is U-close to g, i.e., for each x ∈ X there is U ∈ U such
that {f(x), g(x)} ⊂ U .
Let E be a metric, separable, absolute neighborhood retract (ANR). A closed
subset B ⊂ E is a Z-set in E if the identity map of E can be approximated
arbitrarily closely by a continuous map f : E → E such that f(E) ∩ B = ∅. A
countable union of (compact) Z-sets in E will be called a (σ-compact) σZ-set in E.
A subset A ⊂ E is homotopy dense in E if there is a deformation H : E× [0, 1]→ E
such that H(E × (0, 1]) ⊂ A (a deformation through A). It is known that
• B is a Z-set in E if and only if E \ B is homotopy dense in E (see [28,
Corollary 3.3]),
• if E is completely metrizable and B is a σZ-set in E then E\B is homotopy
dense in E ([3, Exercise 3, p. 31]),
• A is homotopy dense in E if and only if the pair (X,A) is an ANR-pair
(AR-pair if E is an absolute retract (AR))(see [27, Theorem 4.1.6]).
Let M be a class of spaces such that if M ∈ M then each homeomorphic image
of M is in M and each closed subset of M ∈ M also belongs to M. A subset A of
an ANR-space E is strongly M-universal in E if
(SU): for eachM ⊂ JN from the classM and each compact set K ⊂ JN, any
embedding f : JN → E such that f(K) is a Z-set in E can be approximated
arbitrarily closely by an embedding g : JN → E such that g(JN) is a Z-set
in E, g|K = f |K and g−1(A) \K =M \K.
A subset A of E is called an M-absorber in E if
(1) A ∈M,
(2) A is strongly M-universal in E,
(3) A is contained in a σ-compact σZ-set in E.
A fundamental theorem on M-absorbers in Hilbert cubes says that they are
homeomorphic and equivalently embedded:
Theorem 3.1. [13] Suppose Q is a Hilbert cube, i.e., a homeomorphic copy of JN.
If A ⊂ Q is an M-absorber in Q and B ⊂ JN is an M-absorber in JN, then there
is a homeomorphism h : JN → Q such that h(B) = A.
We will need the following well known fact.
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Fact 3.2. ([1, Corollary 4.4] and [27, Theorem 4.1.6]) IfM contains the class of all
compacta and A ⊂ E is strongly M-universal in E, then A and E \A are homotopy
dense in E, thus the pairs (E,A) and (E,E \A) are ANR-pairs (AR-pairs if E is
AR).
For M the Fσδ Borel class, standard Fσδ-absorbers in the Hilbert cube JN are
its subspaces
c0 = {(x)k ∈ (−1, 1)N : limxk = 0} and cˆ0 = {(x)k ∈ JN : limxk = 0} [13].
More examples of Fσδ-absorbers can be found in [6, 7, 13, 14, 20, 21, 23, 27].
In the next sections we will consider Vietoris hyperspaces of the form K(X),
K(X)F = {K ∈ K(X) : K ∩F 6= ∅} and K(X)F = {K ∈ K(X) : K ⊃ F}, where X
is a locally connected nondegenerate metric continuum and F ∈ F(X). They are
all homeomorphic to the Hilbert cube by [11, 10].
If M is the Borel class of Fσ-sets, we have
Proposition 3.3. [23, Corollary 5.4] The hyperspace S(X) of all closed separators
of a compact connected m-manifold X with boundary, m ≥ 3, is an Fσ-absorber in
K(X).
ForM = Π11 the class of coanalytic spaces, a standard Π11-absorber in Q = K(J)
is the Hurewicz set H(J) (this follows from [5, Section 5 and Lemma 2.6] and [3,
Theorem 3.1.3]).
4. Hyperspaces An(X) as AR’s
Theorem 4.1. If X is a nondegenerate locally connected continuum then An(X)
is an AR for each n ∈ N ∪ {ω}.
Proof. Denote by dist the Hausdorff distance in K(X). Consider basic open sets
〈U0, U1, . . . , Uk〉 in the Vietoris topology in K(X), k ≥ 0, where Ui’s are open
connected subsets of X . The sets An(X) ∩ 〈U0, U1, . . . , Uk〉 form an open base in
An(X) which is closed under finite intersections. We are going to show that each
of them is contractible in itself.
Choose points x0 ∈ U0 and si ∈ Ui for each 0 < i ≤ k. Let h : [0, 1]→ h([0, 1]) ⊂
U0 be a homeomorphism such that h(0) = x0. For r ∈ [0, 1], let
Cr = h
(
{0} ∪
{
r
j
: j ∈ N
})
and S = C1 ∪ {s1, . . . , sk}.
There is a homotopy H : K(X)× [0, 1]→ K(X) through finite sets, i.e.
H(K, 0) = K and H(K, t) ∈ F(X) and t > 0
such that dist(H(K, t),K) < t [27, Corollary 4.2.24 and Proposition 4.1.7].
The subspace U =
⋃k
i=0 Ui is locally path-connected and
E = F(X) ∩ 〈U0, U1, . . . , Uk〉
is an expansion hyperspace in U in the sense of [12]. Moreover, each element of E
intersects each component of U . Therefore E is an AR [12, Lemma 3.6], so it is
contractible. Since {x0, s1, . . . , sk} ∈ E , there is a homotopy F : E × [0, 1]→ E such
that
F (Y, 0) = Y and F (Y, 1) = {x0, s1, . . . , sk}.
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For each K ∈ 〈U0, U1, . . . , Uk〉, let δ(K) = dist(K,K(X) \ 〈U0, U1, . . . , Uk〉). Define
a homotopy G : An(X) ∩ 〈U0, U1, . . . , Uk〉 × [0, 1]→ An(X) ∩ 〈U0, U1, . . . , Uk〉
G(Y, t) =


Y ∪H(Y, 4tδ(Y )), for t ∈ [0, 1/4];
Y ∪ F (H(Y, δ(Y )), 4(t− 1/4)), for t ∈ [1/4, 1/2];
H(Y, 4(t− 1/2)δ(Y )) ∪C4(t−1/2) ∪ {s1, . . . , sk}, for t ∈ [1/2, 3/4];
F (H(Y, δ(Y )), 4(t− 3/4)) ∪ S, for t ∈ [3/4, 1].
Homotopy G is a deformation which contracts An(X)∩ 〈U0, U1, . . . , Uk〉 in itself to
the point S. In particular, An(X) = An(X) ∩ 〈X〉 is contractible.
Summarizing: An(X) is a contractible locally connected space with an open base
closed under finite intersections, each of whose elements is connected and homo-
topically trivial. It means that An(X) is a contractible ANR (see [27, Corollary
4.2.18]), hence an AR.

5. Hyperspaces An(J)
In this section we assume Q = K(J) and M = Fσδ . In proving that An(J) is an
absorber in Q we apply techniques developed in [5, 20].
5.1. Strong Fσδ-universality of An(J). Let M be an Fσδ-subset of JN, K ⊂ JN
a compact set and f : JN → Q an embedding such that f(K) is a Z-set in Q. Fix
an arbitrary ǫ > 0.
The first ingredient in a construction of an approximation g of f as in (SU)
above is the following embedding ψ : JN → Q,
(5.1) ψ((xk)) =
1
2
(
cl
({−( 1
2k
+
xk
2k+2
) : k ∈ N}∪ {−1}∪ { 1
2k
+ |xk| : k ∈ N}
))
for n = 1 and for n ≥ 2
(5.2) ψ((xk)) =
1
n+ 1
(
cl
({−(n− 1 + 1
2k
+
xk
2k+2
) : k ∈ N}) ∪ {−n}
)
∪
1
n+ 1
(
cl
({−m+ 1
2k
: 0 ≤ m ≤ n− 2, k ∈ N} ∪ { 1
2k
+ |xk| : k ∈ N}
))
(we use standard notation αA := {αa : a ∈ A} and x + A := {x + a : a ∈ A}).
Sets ψ((xk)) play the role of testers: their “positive” parts are responsible for
the property ψ−1(An(J)) = cˆ0, while “negative” parts exhibit 1-1 correspondence
ψ : JN → Q.
The set cˆ0 being an Fσδ-absorber in J
N, there is an embedding ζ : JN → JN such
that ζ−1(cˆ0) =M . Put
(5.3) ξ = ψζ.
We have
(5.4) ξ−1(An(J)) =M.
Next we need a homotopy through finite sets, i.e. a continuous map H : Q×[0, 1]→
Q such thatH(A, 0) = A andH(A, t) is finite for anyA ∈ Q and t > 0. Deformation
H can be easily modified to satisfy
dist(A,H(A, t)) ≤ 2t and H(A, t) ⊂ [−1 + t, 1− t],
where dist denotes the Hausdorff distance in Q (see [20, (1-4), p. 183]).
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We are going to verify that an embedding g : JN → Q defined by
(5.5) g(x) = H(f(x), µ(x)) ∪ (minH(f(x), µ(x)) + µ(x)ξ(x)),
where
(5.6) µ(x) =
1
4
min{ǫ,min{dist(f(x), f(z)) : z ∈ K}},
satisfies the definition of strong Fσδ-universality of An(J).
Clearly, g is continuous and since µ(x) = 0 for x ∈ K, it agrees with f on K. It
also ǫ-approximates f , as
(5.7) dist(f(x), g(x)) ≤ dist(f(x), H(f(x), µ(x))) + dist(H(f(x), µ(x)), g(x)) ≤
3µ(x) =
3
4
min{ǫ,min{dist(f(x), f(z)) : z ∈ K}}.
Mapping g is 1-1 on K. Let x, y ∈ JN \K. Then both numbers µ(x) and µ(y) are
positive. Suppose g(x) = g(y). It follows that
(5.8)
−nµ(x)
n+ 1
= min g(x) = min g(y) =
−nµ(y)
n+ 1
hence µ(x) = µ(y) and ζ(x)k = ζ(y)k for each k ∈ N, so x = y. Suppose x ∈ K,
y /∈ K and g(x) = g(y). Then g(y) = f(x). On the other hand,
dist(g(y), f(K)) ≥ dist(f(y), f(K))− dist(f(y), g(y)) ≥ 1
4
dist(f(y), f(K)) > 0,
by (5.7) and since f is 1-1, a contradiction. Thus, g is 1-1.
It follows from (5.4) that g−1(An(J)) \K =M \K.
g(JN) is a Z-set in Q. Indeed, g(JN \K) = g(JN)\g(K) is a σZ-set in Q because
deformation H through finite sets satisfies
∀(t > 0) H(g(JN \K), t) ∩ g(JN \K) = ∅
(since, for each x /∈ K and t > 0, the set H(g(x), t) is finite whereas g(x) is not).
Now, g(K) is a Z-set, so the union g(K)∪ g(JN \K) = g(JN) is a compact σZ-set,
hence a Z-set in Q.
5.2. Covering An(J) by σZ-sets. This property of An(J) follows immediately
from the fact that the Hurewicz set H(J) is a Π11-absorber in Q and from inclusion
An(J) ⊂ H(J). However, for the readers’s convenience and a more general purpose,
we present the proof due to Cauty [5, Lemme 5.6] which, in fact, is valid for any
locally connected nondegenerate continuum X and An(X). So, let d be a convex
metric in X and Q = K(X). Define
Zk = {K ∈ Q : |K| ≥ 2 and (∃x ∈ K) d(x,K \ {x}) ≥ 1
k
}.
Each Zk is a closed subset of Q. In order to show that the sets are Z-sets in Q, we
apply to them the, so called, expansion deformation
E : Q× [0, 1]→ Q, E(K, t) = {x ∈ X : d(x,K) ≤ t}.
Each Zk contains an isolated point, while E(K, t) for t > 0 has no isolated points.
Hence, for sufficiently small t > 0,
Et : Q→ Q, Et(K) = E(K, t)
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maps Q into Q \ ⋃∞k=1 Zk and approximates the identity map on Q. Moreover,
since each A ∈ An(X) contains an isolated point, we get the desired inclusion
An(X) ⊂
⋃∞
k=1 Zk.
Now, Theorem 1.1 together with Subsections 5.1 and 5.2 yield our main result.
Theorem 5.1. An(J) is an Fσδ-absorber in Q for each n ∈ N. In particular, all
An(J)’s are homeomorphic to c0.
Corollary 5.2. An((−1, 1)), An([−1, 1)) and An((−1, 1]) are also Fσδ-absorbers
in Q for each n ∈ N. Hence they are all homeomorphic to c0.
Proof. Observe that the set B = {A ∈ Q : A ∩ {−1, 1} 6= ∅} is a Z-set in Q and
An((−1, 1)) = An(J) \ B. It is known from [1, Corollary 9.4] that the difference
of an Fσδ-absorber and a Z-set in a Hilbert cube Q is again an Fσδ-absorber in Q.
The argument for the remaining intervals is similar. 
Remark 5.3. Corollary 5.2 absorbs [18, Theorem 2.4, Corollary 2.5], [4, Theorem
5.1] and provides a positive answer to the question in [18, Question 2.17] if Sc([0, 1])
is homeomorphic to Sc((0, 1)).
Remark 5.4. Using Corollary 5.2 and general facts about strongly M-universal
sets, it is shown in Section 7 that An(S1) is an Fσδ-absorber in K(S1). One may
ask for what other compact spaces X the hyperspace An(X) is an Fσδ-absorber in
Q = K(X). In order that Q be a Hilbert cube, X has to be a locally connected non-
degenerate continuum. The above method of showing the strong Fσδ-universality
is specific for X an arc—we continuously select a point from a finite set (the point
minH(f(x), µ(x)) from H(f(x), µ(x))) and such selections are characteristic for
arcs [26].
6. Hyperspaces Aω(Jn)
An immediate consequence of Theorem 5.1, Corollary 5.2 and Fact 3.2, is that
the hyperspaces Aω(J), Aω((−1, 1)), Aω([−1, 1)) and Aω((−1, 1]) form AR-pairs
with the ambient hyperspace K(J). One can extend these phenomena on finite-
dimensional cubes or the Hilbert cube in the following way.
Theorem 6.1.
(1) Aω(Jn) is strongly Fσδ-universal in Q = K(Jn) for each n ∈ N ∪ {N}. In
particular, (Q,Aω(Jn)) is an AR-pair.
(2) If n ≥ 3 then Aω(Jn) is strongly Fσδ-universal in Q \ S(Jn), where S(Jn)
is the family of all closed subsets of Jn that separate Jn.
Proof. (1) We can suitably adapt the reasoning from Subsection 5.1 by replacing J
with Jn. So, we choose a deformation H : Q × [0, 1] → Q through finite sets such
that
dist(A,H(A, t)) ≤ 2t and H(A, t) ⊂ [−1 + t, 1− t]n.
Given ǫ > 0, K ∈ Q and an embedding f : Jn → Q such that f(K) is a Z-set in
Q, put µ(x) = 14 min{ǫ,min{dist(f(x), f(z)) : z ∈ K}}. Define an ǫ-approximation
of f as
(6.1) g(x) =
⋃
q∈H(f(x),µ(x))
(
q + µ(x)ξ(x)
)
,
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where ξ(x) = (ξ(x), 0, 0, . . .) ∈ JN with ξ = ψζ as in (5.3), but now the “positive
part” of ψ has to be modified: put
(6.2) ψ((xk)) =
1
2
(
cl
({−( 1
2k
+
xk
2k+2
) : k ∈ N} ∪ {−1} ∪ { 1
2k
+
|xk|
2j
: 1 ≤ j ≤ k, k ∈ N})).
Note that ψ is an embedding in K(J) and
(6.3) ψ−1(Aω(J)) = cˆ0.
Clearly, g is continuous and f = g on K. Verifying that g is an ǫ-approximation
of f is the same as in (5.7). It follows from (6.3) that g−1(Aω(Jn)) \K =M \K.
To check that it is 1-1, let x, y ∈ Jn \K be such that g(x) = g(y) (other cases
can be handled exactly as in Subsection 5.1). Then numbers µ(x) and µ(y) are
positive. Taking projections π1(g(x)), π1(g(y) onto the first coordinate space, we
get
(6.4) minπ1(g(x)) = minπ1(g(y)).
Denote q(x) = min
(
π1(H(f(x), µ(x)))
)
, q(y) = min
(
π1(H(f(y), µ(y)))
)
. Since
points of π1
(
H(f(x), µ(x))
)
and π1
(
H(f(y), µ(y))
)
are the only left-hand limit
points of π1(g(x)) = π1(g(y)) we conclude that
(6.5) q(x) = q(y).
By (6.4), (6.5) and (6.2),
(6.6) q(x) − µ(x)
2
= q(y)− µ(y)
2
= q(x) − µ(y)
2
,
hence µ(x) = µ(y). It follows that ζ(x)k = ζ(y)k for each k ∈ N, so x = y.
Finally, in order to see that g(Jn) is a Z-set in Q, we argue similarly as in
Subsection 5.1.
For part (2), first notice that Q\S(Jn) is a homotopy dense in Q absolute retract,
by Proposition 3.3 and Fact 3.2. Suppose the range of embedding f (from part (1))
is in Q \ S(Jn). The compact set ψ((xk)) from (6.2) is at most 1-dimensional,
so g(x) in (6.1) is at most 1-dimensional. Since Jn is an n-dimensional Cantor
manifold [17, (1.8.14)], the image g(Jn) is contained in Q \ S(Jn). Moreover, the
argument used in part (1) to show that g(Jn) is a Z-set in Q works for Q \ S(Jn)
because H(g(x), t) is finite for t > 0 and it does not separate Jn.

Let ∂Jn be the combinatorial boundary of the Euclidean cube Jn or the pseudo-
boundary of the Hilbert cube Jn in case n = N. It is easy to see that if K is a
compact subset of ∂Jn then the set Bn = {A ∈ K(Jn) : A ∩K 6= ∅} is a Z-set in
Q = K(Jn). The set Bn \ S(Jn) is a Z-set in Q \ S(Jn) because
H(Q× {t}) ⊂ K([−1 + t, 1− t]) ∩ (Q \ S(Jn)).
Subtracting the Z-sets from the strongly Fσδ-universal set Aω(Jn) in Q and in
Q \ S(Jn), respectively, yields, by [1, Theorem 9.3], the following
Corollary 6.2. Aω(Jn \ K) is strongly Fσδ-universal in Q = K(Jn) and in Q \
S(Jn) if n ≥ 3.
Question 6.3. Is Aω(J) strongly Fσδσ-universal?
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7. Hyperspaces An and Aω for unit spheres Sm
Theorem 7.1.
(1) An(S1) is an Fσδ-absorber in K(S1)
(2) Aω(Sm) is strongly Fσδ-universal in K(Sm).
Proof. We provide a simultaneous proof of the strong Fσδ-universality for both
parts assuming n ∈ N ∪ {ω} and in case (1) we assume n ∈ N ∧m = 1, of course.
The hyperspace E = K(Sm) \ {Sm} is an AR. Let U be its open cover by sets
Up = K(Sm \ {p}), p ∈ Sm. The set An((−1, 1)m) is strongly Fσδ-universal in
K(Jm) by Corollaries 5.2 and 6.2. By [1, Lemma 7.1], An((−1, 1)m) is strongly
Fσδ-universal in K((−1, 1)m). Let h : (−1, 1)m → Sm \ {p} be a homeomorphism
and h˜ : K((−1, 1)m) → K(Sm \ {p}) be the induced homeomorphism. Clearly,
h˜(An((−1, 1)m)) = An(Sm \ {p}) is strongly Fσδ-universal in Up. Since An(Sm \
{p}) = Up ∩An(Sm), we infer by [1, Proposition 7.2] that An(Sm) is strongly Fσδ-
universal in E. The singleton {Sm} being a Z-set in K(Sm), E is homotopy dense
in K(Sm). Then, by [1, Corollary 6.2], the hyperspace An(Sm) is also strongly
Fσδ-universal in K(Sm).
The proof that An(S1) is contained in a σZ-set in K(S1) is the same as in
Subsection 5.2.

8. Hyperspace Aω for manifolds in Sm
By a compact m-manifold with boundary in Sm we understand a set X ⊂ Sm of
the form X = Sm\⋃ki=1Di, Di’s are open m-discs in Sm such that clDi∩clDj = ∅
for i 6= j. The manifold boundary of X is denoted by ∂X . The set X \ ∂X is a
punctured sphere.
Corollary 6.2 can be extended over punctured spheres or compact manifolds with
boundary in spheres in the following way.
Theorem 8.1. If m ≥ 3 and X is a compact m-manifold with boundary in Sm,
then Aω(X \ ∂X) and Aω(X) are strongly Fσδ-universal in Q = K(X).
Proof. By Proposition 3.3 and Fact 3.2, Q \ S(X) is homotopy dense in Q. Using
the isotopy deformation of X through X \ ∂X , it is easy to show that
(8.1) E = K(X \ ∂X) \ S(X) is homotopy dense in Q.
If A ∈ E then X being a locally connected continuum, the set X \ A is arcwise
connected. Specifically, there are disjoint arcs α(i, j) ⊂ X \ A joining discs clDi,
clDj for each i 6= j. Each α(i, j) has a closed neighborhood D(i, j) ⊂ X \ A
which is a closed m-disc such that D(i, j)’s are disjoint for different pairs (i, j) and
D =
⋃
i6=j D(i, j)∪
⋃
i clDi is a closed m-disc. Thus, we get the following formulae.
(8.2) E =
⋃
D∈D
K(X \D) ∩ E and Aω(X \ ∂X) =
⋃
D∈D
Aω(X \D),
where D = {D ∈ Q : D is a closed m-disc}
(notice that elements of Aω(X \ ∂X) do not separate X).
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Recall next that Aω((−1, 1)m) is strongly Fσδ-universal in K(Jm) \ S(Jm) (see
Corollary 6.2). It is also strongly Fσδ-universal in
K((−1, 1)m) \ S((−1, 1)m) = K((−1, 1)m) \ S(Jm),
an open subset ofK(Jm)\S(Jm), by [1, Lemma 7.1]. SinceAω(X\D) = Aω(Sm\D)
is homeomorphic to Aω((−1, 1)m), we infer that
(8.3) Aω(X \D) is strongly Fσδ-universal in
K(X \D) \ S(X \D) = K(X \D) \ S(X) = K(X \D) ∩ E.
It follows from (8.2) and [1, Proposition 7.2] that Aω(X \ ∂X) is strongly Fσδ-
universal in E. By (8.1) and [1, Corollary 6.2], Aω(X\∂X) is strongly Fσδ-universal
in Q, which establish the first part of Theorem 8.1.
Since
Aω(X) = Aω(X \ ∂X) ∪ {A ∈ Aω(X) : A ∩ ∂X 6= ∅}
and the set {A ∈ Q : A ∩ ∂X 6= ∅} is a Z-set in Q, we conclude, by [1, Theorem
9.5], that Aω(X) is strongly Fσδ-universal in Q, as well.

Question 8.2. Is Theorem 8.1 true for m = 2?
9. Hyperspaces An(X)F , An(X)F for n ∈ N ∪ {ω}
As we have noticed in Remark 5.4, there is an essential obstacle in proving that
A1(X) is an Fσδ-absorber in K(X) for nondegenerate locally connected continua
other than J and S1. The obstacle disappears in hyperspace A1(X, {p}) if p is a
point of order ≥ 2 in X (i.e., there is an arc L ⊂ X containing p in its combinatorial
interior). This hyperspace is a natural counterpart of c0 where elements converge
to the same number 0.
Theorem 9.1. Suppose X is a locally connected nondegenerate continuum, F ⊂ X
is finite and contains a point of order ≥ 2. Then An(X)F is strongly Fσδ-universal
in Q = K(X)F for each n ∈ N∪ {ω}. If n ∈ N then An(X)F is an Fσδ-absorber in
Q. If F = {p}, then A1(X, {p}) is also an Fσδ-absorber in Q.
Proof. Recall that Q = K(X)F is a Hilbert cube. Clearly, An(X)F = An(X)∩Q is
Fσδ in Q. Also A1(X, {p}) is an Fσδ in Q, since it equals the preimage D−1({p}),
where D is the derived set operator on Q. In order to prove the strong Fσδ-
universality we proceed similarly to the proof from Subsection 5.1. There is a defor-
mationH : K(X)×[0, 1]→ K(X) through finite sets such that dist(H(A, t), A) ≤ 2t.
If we add F to eachH(A, t) we get a continuous deformation Q×[0, 1]→ Q through
finite sets satisfying dist(H(A, t), A) ≤ 2t for A ∈ Q. So, we can assume that
H : Q × [0, 1] → Q is a deformation through finite sets and dist(H(A, t), A) ≤ 2t.
Choose a point p ∈ F of order ≥ 2 and an arc L ⊂ X containing p in its combinato-
rial interior. Note that each set H(A, t) contains p. To simplify further description,
assume without loss of generality that L = J and p = 0. We modify the def-
inition of embedding ψ from (6.2) in its “negative” part in which the sequence
{−( 1
2k
+ xk
2k+2
) : k ∈ N} is now replaced with an increasing sequence l(x) obtained
in the following way. For each x = (xk) ∈ JN, let
a(x)k =
(
(−(22k + xk
22k
)
)−1
.
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Observe that the sequence a(x) = (a(x)k) satisfies
(1) a(x) is strictly increasing and converging to 0,
(2) for each x, y ∈ JN and i < j, vectors (a(x)i, a(x)i+1) and (a(y)j , a(y)j+1)
are not parallel.
Let x′ ∈ JN be the sequence 1, x1, 1, x1, x2, 1, x1, x2, x3, 1, . . .. Put l(x) = a(x′).
Clearly, l(x) also satisfies conditions (1-2).
Now, let
(9.1) ψ(x) =
1
2
(
cl
(
l(x) ∪ { 1
2k
+
|xk|
2j
: 1 ≤ j ≤ k, k ∈ N})
)
Note that, for each n ∈ N ∪ {ω}, we have
(9.2) ψ−1
(An(J)) = cˆ0 = ψ−1(A1(J, {0})).
Define
(9.3) g(x) = H(f(x), µ(x)) ∪ µ(x)ξ(x).
where µ(x) is defined in (5.6) and ξ(x) is defined by (5.3) with ψ modified as
above. Now, l(x) is responsible for g(x) being 1-1. Indeed, suppose x, y ∈ JN \K
and g(x) = g(y). Then µ(x) and µ(y) are positive. Let
α = max
{(
H(f(x), µ(x)) ∪H(f(y), µ(y))) ∩ (−∞, 0)}.
Notice that, for sufficiently large k, say for k ≥ j, numbers µ(x)l(ζ(x))k and
µ(y)l(ζ(y))k are greater than α. So, we can assume that µ(x)l(ζ(x))j = µ(y)l(ζ(y))i
for some i ≤ j. Since sequences µ(x)l(ζ(x)) and µ(y)l(ζ(y)) are increasing, it
follows that also µ(x)l(ζ(x))j+1 = µ(y)l(ζ(y))i+1. Thus i = j by property (2).
But then µ(x)l(ζ(x))k = µ(y)l(ζ(y))k for each k ≥ j. Choose m ≥ j such that
(ζ(x)′)m = 1 = (ζ(y)
′)m. Then
µ(x)
(
(−(22m + 1
22m
)
)−1
= µ(x)a(ζ(x)′)m = µ(x)l(ζ(x))m =
µ(y)l(ζ(y))m = µ(y)a(ζ(y)
′)m = µ(y)
(
(−(22m + 1
22m
)
)−1
which implies µ(x) = µ(y). Hence, for each k ≥ j,
(−(22k + ζ(x)′k
22k
)
)−1
= a(ζ(x)′)k = l(ζ(x))k =
l(ζ(y))k = a(ζ(y)
′)k =
(−(22k + ζ(y)′k
22k
)
)−1
,
so ζ(x)′k = ζ(y)
′
k. Consequently, ζ(x) = ζ(y) and x = y.
The remaining arguments from the proof of Theorem 5.1 are exactly the same.

Corollary 9.2. If X is a locally connected nondegenerate continuum and each point
of a nonempty finite set F ⊂ X is of order ≥ 2, then An(X)F is an absolute retract
for n ∈ N ∪ {ω}.
Proof. Observe that An(X)F =
⋃
F ′⊂F An(X)F
′
. It follows from Theorem 9.1
that, for each pair of subsets F, F ′ ⊂ F , the intersection
An(X)F ∩ An(X)F
′
= An(X)F∪F
′
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is an absolute retract. So, An(X)F is an absolute retract by the union theorem for
absolute retracts. 
Theorem 9.3. If F ⊂ (−1, 1)n is nonempty compact, then Aω(Jn)F is strongly
Fσδ-universal in Q = K(Jn)F for each n ∈ N ∪ {N}. In particular, (Q,Aω(Jn)F )
is an AR-pair.
Proof. A mild adjustment of the proof of Theorem 6.1 is necessary. Now, we work
with the Hilbert cube Q = K(Jn)F for which, by [9, Corollary 3.3 and Theorem
4.1], there is a deformation H : Q × [0, 1] → Q through finite sets intersecting F ,
such that dist(A,H(A, t)) ≤ 2t. Since F ⊂ (−1, 1)n, we can also assume H(A, t) ⊂
[−1 + t, 1− t]n. Then follow the proof of Theorem 6.1.

Remark 9.4. In the case of n = N in Theorem 9.3, the assumption F ⊂ (−1, 1)n
can be replaced by “F is a Z-set in JN ”, because then there is a homeomorphism
h : JN → JN such that h(F ) ⊂ (−1, 1)N.
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